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CONSTRUCTIBLE SHEAVES ON NILPOTENT CONES 
IN RATHER GOOD CHARACTERISTIC 

PRAMOD N. ACHAR, ANTHONY HENDERSON, DANIEL JUTEAU, AND SIMON RICHE 


Abstract. We study some aspects of modular generalized Springer theory for a complex reductive group 
G with coefficients in a field k under the assumption that the characteristic £ of k is rather good for G, i.e., 
I is good and does not divide the order of the component group of the centre of G. We prove a comparison 
theorem relating the characteristic-^ generalized Springer correspondence to the characteristic-0 version. We 
also consider Mautner’s characteristic-^ ‘cleanness conjecture’; we prove it in some cases; and we deduce 
several consequences, including a classification of supercuspidal sheaves and an orthogonal decomposition 
of the equivariant derived category of the nilpotent cone. 


1. Introduction 


1.1. Modular generalized Springer correspondence. Let G be a connected complex reductive group. 
Let Z(G) denote its centre, and let Z{G)° C Z{G) be the identity component. A prime number i is said to 
be rather good for G if it is good for G and does not divide the order of the finite group Z{G)IZ{G)°. 

A.HJR3, AHJR4| on the modular generalized Springer 


In this paper, which follows the series [AHJR2 


correspondence, we consider G-equivariant constructible sheaves on the nilpotent cone JZq of G with co¬ 
efficients in a field k of rather good characteristic. We will study not only the category of G-equivariant 
perverse sheaves PervG(./l^, k), as in |AHJR2, AHJR3, AHJR4|, but also the G-equivariant bounded derived 


category DQ{GZG,k). The main idea is that in rather good characteristic, it is possible to make meaningful 
comparisons with characteristic-0 generalized Springer theory, a subject that has been extensively studied 
for over thirty years since the work of Lusztig |Lul]. (In contrast, many of the statements in this paper are 
meaningless or false when the characteristic is not rather good.) 

Let us briefly review the statement of the modular ge nera lized Springer correspondence. Let k be a field 
of any characteristic that is ‘big enough’ in the sense of (H below. (Algebraically closed fields are always 
big enough.) Let OlG.k be the set of pairs {^,£) where C gVg is a nilpotent orbit and £ is an irreducible 
G-equivariant k-local system on 6 (up to isomorphism). Recall that (^, f) is said to be cuspidal if the 
corresponding simple perverse sheaf IC{ff,£) does not occur as a quotient of any perverse sheaf induced 
from a proper Levi subgroup. According to |AHJR4, Theorem I.l], if £ is a system of representatives for 


the G-conjugacy classes of Levi subgroups of G, there is a partition 


(l.I) 


^G,k = U 

L e £. 

El) e a cuspidal pair 


■G,k 


into subsets called induction series. Moreover, for each induction series, there is a natural bijection 
(1.2) ^ Irr(k[iVG(L)/L]). 


1.2. Gcuspidal pairs and induction Gseries. The observation that ge ts u s started is that when the 
characteristic t of k is rather good for G, there is a canonical bijection (see §2.3) 


(1.3) 


^G,[ 


^ ^G,C. 

Thus, the lef t-ha nd side of (^]^) is ‘independent of k’. In the introduction, for brevity, we will identify the 
two sides of dil, and simply write fftc- Tbe set of cuspidal pairs only depends on t, therefore we call the 
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corre sponding elements of (.-cuspidal pairs. Similarly, the partition o f (fi g given by (0) depends only 
on £ |AHJR4, Remark 1.2]; we call the subsets on the right-hand side of 0 induction (-series. 

A natural question is: how are the induction ^-series related to the induction 0-series? The hrst half of 
the paper is devoted to the proof of the following result. 

Theorem 1.1. Let ( be a rather good prime for G. The partition of 91g induction (-series is a 
refinement of the partition into induction 0-series. In other words, each induction 0-series is a union of 
induction (-series. 


The proof of Theorem 1.1 uses some observations obtained from the explicit classification of cuspidal 


pairs, but no explicit description of the partition ( 1 . 1 ) (which is unknown in many cases). 


1.3. Cleanness conjecture. The second half of the paper is devoted to the study of cleanness. A pair 
{^,£) S TIg is called (-clean if the corresponding simple perverse sheaf IC{ff,£) has vanishing stalks 
on \ ff. An important feature of characteristic-0 generalized Springer theory is that all cuspidal pairs 
are 0-clean. (This was hrst proved by Lusztig [Lu3|; see also [RRj.) The following is part of a series of 
(unpublished) conjectures by C. Mautner. 

Conjecture 1.2 (Mautner’s cleanness conjecture). Let ( be a rather good prime for G. Then every 0-cuspidal 
pair € TIg is (-clean. 

So far, we have been able to prove the cleanness conjecture in the following cases. (Here, W denotes the 
Weyl group of G.) 


Theorem 1.3. Conjecture 1^ holds if ( | \W\, or if every irreducible factor of the root system of G is either 
of type A, of type B 4 , of type G 3 , of type D^, or of exceptional type. 

The ranks in types B/G/D mentioned here are the smallest for which there exist 0-cuspidal pairs (see 
Remark ^^); of course, the conjecture is vacuously true if there are no 0-cuspidal pairs for G. 


Remark 1.4. Conjecture |1.2| was also independently checked by Mautner in type A and in types B 4 and G 3 
(using arguments different from ours, although also based on some explicit computations). 

Remark 1.5. Conjecture would be false in general if we replaced ‘0-cuspidal pair’ with ‘Gcuspidal pair’. 
For example, wh en G = GL(2) and ( = 2 (which is rather good for GL(2)), the unique 2-cuspidal pair is 
not 2-clean; see [ AHJR2 , Remark 2.5]. This 2-cuspidal pair is not 0-cuspidal for GL(2). (It is the modular 
reduction of the un ique characteris tic-0 cuspidal pair for SL(2), but note tha t 2 i s not rather good for SL(2).) 
However, Theorem O and Lemma |2.5| below reduce the proof of Gonjecture T2 to the case where G is quasi¬ 
simple and simply connected of type B, G, or D. For such G, ( is rat her good for G if and only if £ > 2, and 
in this case the Gcuspidal pairs and the 0-cuspidal pairs coincide by | AHJR3, Theorems 7.2, 8.3 and 8.4]. 


1.4. Consequences. The cleanness conjecture has a number of consequences for the structure of the equi- 
variant derived category Zl)j(M^,k), recorded below. In this statement, a pair € OIg is said to be 

(-supercuspidal if the corresponding simple perverse sheaf does not occur as a composition factor of any in¬ 
duced sheaf in characteristic (. (In characteristic 0, the induction functor takes semisimple perverse sheaves 
to semisimple perverse sheaves, so a pair is 0 -supercuspidal if and only if it is 0 -cuspidal; but when ( > 0 
the two notions differ.) If P C G is a parabolic subgroup of G with Levi factor L and if {^l,£l) is an 
Gsupercuspidal pair for L, the corresponding induction (-superseries is the subset of OIg consisting of pairs 
{&',£') such that ,£') is a compo sitio n factor of V£,-pIC{ffLT £l) ■ (One can show that this subset 

does not depend on the choice of P; see §2.2 below.) 


Theorem 1.6. Let ( be a rather good prime for G, and assume that the cleanness conjecture holds for all 
Levi subgroups ofG. Then 

(1) A pair {ff, £) £ 91g (-supercuspidal if and only if it is 0-cuspidal. 

(2) The induction (-superseries coincide with the induction 0-series. In particular, the induction (- 
superseries are disjoint and give a partition of OIg • 
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(3) There is an orthogonal decomposition 




0 




L e £ 

{^l,S-l) ^ an ^-supercuspidal pair 

where is the full triangulated subcategory o/Z)g(cy4^,k) generated by simple 

perverse sheaves in the induction i-superseries associated to 

Remark 1.7. Mautner also proved that a decomposition similar to that in Theorem 1.6(|) follows from 
Conjecture together with some other conjectures of his that we do not consider in this paper. 

The decomposition of k) in the last part of this theorem implies a corresponding decomposition of 

the abelian category Pervci^G, (In fact, the proof is structured in such a way that we obtain the abelian 
category version first.) The analogous decomposition of Dq(c/1g,C) was proved by Rider and Russell [RR, 
Theorem 3.5] following arguments of Lusztig. 


Remark 1.8. Thanks to Theorem |1.3| , the assumption in the statement of Theorem 1.6 certainly holds if 
I \ |1T|, or if every irreducible factor of the root system of G is either of type A, of type for n < 7, of 
type Cn for n < 6, of type for n < 8, or of exceptional type (see Remark 



along with a number of ancillary results. 

1.6. Acknowledgements. We thank Carl Mautner for discussions concerning his conjectures, which moti¬ 
vated some of the results in the second half of the paper. We used the development version [Mi| of the CAP 
Chevie package [Chevie]. 


2. Conventions and preliminaries 

2.1. Coefficients. We retain the meanings of G, Mg, and Ttc.ik from the introduction. (However, the 
notation ‘ITIg’ with the coefficients suppressed will not be used again.) Let DQ(Af;,k) be the G-equivariant 
bounded derived category of with coefficients in k, and let PervG(M^,k) C IlQ(Mfe,k) be the abelian 
category of G-equivariant perverse sheaves on The set of isomorphism classes of simple objects in 

PervG(M^,k) is naturally in bijection with DlG.ik- 

Let £ denote the characteristic of k . Throu ghout the paper (unless otherwise specified), we assume that 
is a rather good prime for G. As in [ AHJR4 1, we also assume that k satisfies the following condition: 

for every Levi subgroup L of G and pair {££l,£l) € ^L,k, 
the irreducible L-equivariant local system is absolutely irreducible. 


( 2 . 1 ) 


See [A.HJR4, Proposition 3.2] for a more explicit translation of this condition. Furthermore, we assume 
throughout that there exists a finite extension K of that satisfies (2.1), and such that k is the residue 
field of the ring O of integers of K. Thus, the triple (K, O, k) constitutes an Gmodular system. With this 
set-up, we can invoke the machinery of modular reduction from [ AHJR2| , §2.7]. 

The lemmas below, which are restatements of |AHJR4, Lemmas 6.2-6.4], collect some basic facts about 
rather good primes. Here, Ag{x) denotes the component group of the stabilizer of a point x G 

Lemma 2.1. The following conditions on a prime £ are equivalent: 

(1) £ does not divide ]Ag(x)] for any x G ATg- 

(2) £ is good for G and does not divide \Z{G)/Z{G)°\. 

(In [ AHJR41, part (^ was taken to be the definition of rather good, rather than part (||).) 


Lemma 2.2. Let £ be a prime. 
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(1) If £ is rather good for G, it is rather good for every Levi subgroup of G. 

(2) If i does not divide \W\, then it is rather good for G. 

(3) If G is quasi-simple and not of type A, then i is rather good for G if and only if it is good for G. 


2.2. Cuspidal and supercuspidal data. Recall that for a parabolic subgroup P C G with Levi factor L, 
we have an induction functor | AHJR2| , §2.1] 

: Pervi(./ll,,k) PervG(=/fG,k). 


A pair € Olc.k is said to be cuspidal (resp. supercuspidal) if the simple perverse sheaf TC{ff,£) does 

not occur as a quotient (resp. composition factor) of any induced perverse sheaf I^cp(-^) L C G. The 
set of cuspidal, resp. supercuspidal, pairs in Ttc.k is denoted 


resn qfs-cusp 

I resp. ■ 

Obviously, every supercuspidal pair is cuspidal. 

A cuspidal datum (resp. supercuspidal datum) is a triple {L, £?l,£l), where L C G is a Levi subgroup, 
and belongs to (resp. Let fOlG.k denote the set of G-orbits of cuspidal data. Let 

C fDfc.k be the subset consisting of G-orbits of supercuspidal data. In a minor abuse of language, we 
will often call elements of SOfc.k ‘cuspidal data’, omitting any mention of the G-action. 

Recall that the induction series associated to a cuspidal datum (L, ^l,£l) is the set 

e inG.k I TC{ff',£') is a quotient of lf^pIC{ffL,£L)}. 


Here P is a parabolic subgroup of G with Levi factor L; the set does not depend on the choice 

of P (see |AHJR3, §2.2]), and depends only on the G-conjugacy class of (L, ^l,£l)- 

Similarly, if {L, £l) is a supercuspidal datum, we define the corresponding induction superseries to 

be the set 


^G = {(^^^0 £ i'^G.k I TC{G',£') is a composition factor of lf^pIC(^L, fi,)}. 

Here again P is a parabolic subgroup of G with Levi factor L; it follows from Lemma p.3| below (and | AH JR3| , 
§2.2] again) that the set (]^Q 0 g depend on the choice of P, and depends only on the G- 

conjugacy class of (P, Gh-,£L)- 

With characteristic-0 coefficients, the Decomposition Theorem implies that the induction fuctor 
takes semisimple perverse sheaves to semisimple perverse sheaves, so in that case, the notions of ‘cuspidal’ 
and ‘supercuspidal’ coincide, as do the notions of ‘in duction series’ and ‘induction superseries.’ These 
properties no longer hold in positive characteristic; see ||AHJR2, Remark 3.2]. 


2.3. 0-cuspidal pairs and 0-series. By Lemma 111 ®) , if £ is rather good, then there is a canonical bijection 
Irr(k[AG(a;)]) = Irr(K[AG(a;)]) for each x G Afj, and hence a canonical bijection 


(2.2) 9c ■ —>■ flfG.k, 

of which we saw an incarnation in (II- (Although it was convenient in the introduction to identify the two 
sides of (1.3), the proofs in this paper are clearer when we retain the distinction.) Furthermore, because K 
satisfies (^), Lusztig’s results ||Lul| on the generalized Springer correspondence with coefficients in hold 
over K as well . W e will freely make use of this observation throughout the paper. 

By Lemma 11(0), there are also similar bijections 




L.K 




■L,k 


for any Levi subgroup L C G. 

A pair {^,£) G f^G.k is 0-cuspidal if it lies in 0G(fIlGK)- 0-cuspidal pairs is denoted by 

A 0-cuspidal datum is a triple (L, where L C G is a Levi subgroup, and {ffL,£L) belongs to 

Let OTquj denote the set of G-orbits of 0-cuspidal data. The induction 0-series associated to a 0-cuspidal 
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datum (L, is the subset , 


o-(^L,eL,SL) 


C given by 


01 


o-{L,eL,SL) 

G.k 




In other words, an induction 0-series is simply the image under (^) of a characteristic-0 induction series. 

Finally, the notion of 0-cuspidal pairs gives rise to another kind of series, but in OJlc.ik rather than in Olc.k- 
Given e SUc.iki 

(2.3) = {(M, ^m) I LCMCG and (^m, £m) e n Ol^(^’'^^’^^)}/(G-conjugacy). 

A set of this form is called a 0-senes of cuspidal data. It is manifestly a subset of OUc.k- 
Lemma 2.3. IFe have C C Ol™J. 

This lemma implies that we have natural embeddings 911™)^ C 971^ ^ C 97lG,k- 

Proof. We begin with the second inclusion. Let i^,£) € 91^™“*^, and let be the equivariant K-local 
system on G such t hat 6 >g(^ , g*®^) = {G,£). Then IC{G,£) occurs in the modular reduction of IC{G,£^), 
so it is cuspidal by [A.HJR2, Proposition 2.22]. 

On the other hand, suppose that {G,£) € Olc.k is not 0-cuspidal. As above, let f®®^ be the equivariant 
K-local system on G such that 0 g(^, f®®^) = {G,£), so that IC{G,£) occurs in the modular reduction of 
IC{G, £^). Since {G, £) is not 0-cuspidal, IC{G, £^) occurs as a direct su mmand of some lf^p(IC{GL, 
with L ^ G. Since induction commutes with modular reduction (see |AHJR2 , Remark 2.23]), IC{G,£) 
occurs as a composition factor in the perverse sheaf lf^p{k^QlC{Gp,£p)), where is any O-form of £^. 
In particular, {G,£) is not supercuspidal. □ 


In IAHJR4, Theorem 1.5] we classified cuspidal pairs in good characteristic. As an immediate consequence 
of this classification, we have the following result in our current setting of rather good characteristic: 


Proposition 2.4. If G is semisimple and simply connected, then every cuspidal pair is 0-cuspidal, so 
“ ^G*k^ case. 

Of course, the property of being semisimple and simply connected is not inherited by Levi subgroups, so we 
cannot conclude that 971^ = 97lG.k for such G (and indeed this is false in general). 


2.4. A ‘reduction lemma’. The following lemma will be used below to reduce the proof of some statements 
to the case where G is semisiinple of type A, or simply connected and quasi-simple not of type A. (Here and 
throughout this section, a ‘semisimple group of type A’ means a semisimple group whose root system is a 
product of root systems of type A.) 

Lemma 2.5. Given a reductive group G, there exists a semisimple group G' with the following properties: 

(1) There is an isogeny G' -» GfZ{G)°. Thus, Afj can be identified with Af}', and there is a fully 
faithful functor PervG(.Afe,k) —^ PervG'(oTcj',k). 

(2) IFe have G' = G'.^ x G 2 , where G'^ is a semisimple group of type A, and G '2 is a product of guasi- 
simple, simply connected groups that are not of type A. 

(3) A prime number i is rather good for G if and only if it is rather good for G'. If it is rather good for 
both, we have 

PervG'(A^',k) 5^ PervG(A^,k) © PervG(A^,k)-®-, 

where PervG(=/lc?,k)*®* denotes the full subcategory of PervG'(=AG/,k) consisting of objects with no 
quotient or subobject in PervG(A^,k). 


Proof. First we claim that, for any field k, the natural functor PervG/z(G)“("^^!k) —>■ PervG(c/lG, k) is an 
equivalence of categories. Indeed the category PervG/z(G)‘>(=Afejk), resp. PervG(cAG, k), is equivalent to the 
full subcategory of the category Per\/{Af;, k) whose objects are the perverse sheaves P such that the pullbacks 
of P to GfZ{G)° X Af;, resp. to G x Aq, under the morphisms given the action and the projection are 
isomorphic. Now, since the projection GxAjj —>■ G/Z{G)° xAfj is smooth with conne cted fibres, the (shifted) 
pullback functor Perv(G/Z(G)‘’ x Af}) —>■ Perv(G x Af;) is fully faithful (see BED, Proposition 4.2.5]), so 
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that an object of Perv(./^, k) belongs to P&f'JG/z(G)° iff it belongs to PervG(=/tG, k). Using this claim, 

we can (and will) assume that G is semisimple. 

Let G be the universal cover of G, and let Kq be the kernel of G ^ G. Define a subgroup K C Kq as 
follows: 

Kq if G is a product of groups of type A, 

{Ko)2' if G contains factors of type B, G, or D, 
but not of exceptional type, 

(^ 0 ) 2 ', 3 ' if G contains factors of exceptional type. 

Here, (Lfo) 2 ' (resp. (Lfo) 2 ', 3 ') denotes the subgroup of Kq consisting of elements of order coprime to 2 
(resp. coprime to 2 and 3). Let G' = GjK. Also, let G\ (resp. G'^) be the product of all quasi-simple factors 
of G of type A (resp. not of type A). Thus, G = Gi x G 2 . 

Now, the centre of a quasi-simple group of type B, G, or D is a 2-group, and the center of a quasi-simple 
exceptional group may have order 1, 2, or 3. Therefore, the subgroup K C Z{G) = Z{Gi) x ^(G^ must 
be of the form Ki x {1} for some Ki C Z{Gi). Then we have G' = (Gi/Ki) x G 2 . Let G^ = G\IK\\ 
this is a semisimple group of type A. Since G is a quotient of G', there is a natural fully faithful functor 
PervG(cAG,k) ^ PervG'(cA^',k). 

We now show that G and G' have the same set of rather good primes. If G = Gi, then G' = G and there 
is nothing to prove. If G contains factors of type B, G, or D, but not of exceptional type, then G and G' 
have the same good primes, and Z{G) is a quotient of Z{G') by a 2-group. Thus, \Z{G)\ and \Z{G')\ have 
the same odd prime divisors, so G and G' have the same rather good primes. Similar reasoning applies when 
G has exceptional factors. 

Finally, assume that I is rather good for G and G', and let Z = K^jK be the kernel of the projection G' -» 
G. Then by Lemma |A.3| the fully faithful functor PervG(o/Ic;,k) —PervG'(oA^/,k) identifies PerV( 3 (oA^,k) 
with the subcategory of PervG^LTcqk) whose objects have trivial Z-character. Then the direct sum in 
part (H) comes from Lemma |A.4| ; PervG(.A^,k)-*- is the direct sum of all PervG'(cAG,k)^ where x is 
trivial on AT. □ 



2.5. Central characters. As explained in Appendix for any pair € 9lG,k, the local system £ 

determines a central character y : Z{G)jZ{G)° —>• k^. If L is a Levi subgroup of G and (i ^l,^l) € 
then £l has a central character Z{L)/Z{L)° k^. In a slight abuse of language (following [ AHJR3| , §5.1]), 

we will also refer to the composition Z{G)IZ{G)° -» Z{L)/Z{L)° —>• as the ‘central character’ of £l- 

The following proposition is contained in |AHJR4, Theorem 1.5]. 


Proposition 2.6. Any two distinct cuspidal pairs for G have distinct central charaeters. 

Recall (see [ |AHJR2| , Corollary 2.12]) that if (^, £) G then there exists a unique pair (^', £') G 

such that Tg(IC(i^, £)) = -Gig^ Kiy, where Tg is the Fourier-Sato transform and jg is the center of 

g. The map ^ sending (^, f) to {ff',£') is an involution, which is often the identity. (In fact, 

we don’t know any example where {6”,£') [ff,£).) In particular this is the case under our assumption 

that £ is rather good. 


Corollary 2.7. For any {ff,£) G illGk' have {&',£') = 


Proof. As in [AH JR3|, Corollary 6.6], the claim is a consequence of Proposition 


□ 


Corollary 2.8. Let (L, ffL,£r) be a supercuspidal datum. Then we have 

fYfO-(L,ffL,£L) ^ fYfSupei-(L,eL,£L) 


Proof. First we note that (L, ffL,£if) is a 0-cuspidal datum by Lemma 2.3, so that the notation fR 


0-(L,ffL,£L) 

G,k 


makes sense. Let £f be the equivariant K-local system on such that Ol{0l,£^) = (^i,fi), and let 
be an O-form of £^. We claim that 


h®oZC{0L.£L) = ZC{0 l.£l). 
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(2.5) 













Indeed, by [AHJR2, Proposition 2.22], all the composition factors of the perverse sheaf are 

cuspidal. Since they have the same central character as Proposition 2.6 implies that the only possible 
composition factor is proving (2.5). 

Now, let , and let be the equivariant K-local system on 6 such that Qg{G^£^^ = 

{ff,£). By assumption, IC{i^,£^) is a composition factor of (where P C G is any 

parabolic subgroup with Levi factor L). Since £) appears in the modular reduction of IC(^, this 

perverse sheaf is a composition factor of the perverse sheaf 


# I 


{IC{ffL,£L)). 


k®oI?cp(2:C(^L,fr)) = lgcp(k®oXC(^i,£:")) xpcp 
This proves that {^,£) € finishing the proof. □ 

Finally, we will need the following result about the type-A case. 

Proposition 2.9. Let G be a semisimple group of type A. 

(1) If{L, ffL,£if) and {L', ffL',£L') are 0-euspidal data which are not G-conjugate, then £l and £l> have 
distinct central characters. 

(2) A pair (^, f) € Tlc.ik ^ias in and only if £ has the same central character as £l- 

(3) We have 

PervG(./lc?,k) ^ 0 

where 6(91^*]^’^^’^^^) denotes the Serre subcategory of Pervci^Aojk.) generated by the simple objects 
XC{ff,£) with {0,£) e ■ 

Proof. By our assumptions on £ and k, the k-characters of Z{G) are in natural bijection with the Q^- 
characters of Z{G). Therefore, statements (P and (||) are equivalent to their counterpart for the Q^- 
generalized Springer correspondence. The se co unte rparts are well known; see [ Lul , §10.3]. The decomposi¬ 
tion in ( 0 ) then follows from Lemmas A.2 and |A.4|. □ 




3. The partial order on cuspidal data 

3.1. Definition of the order. There is a natural partial order on the set SUg.iic, defined as follows: 


[L, ffL,£L) XiG {M, ffM,£M) if 


£l and £m have the same central 
character, and Y(m.,^m) C 


Here is the Lusztig stratum associated to (L, see |AHJR2| , §2.6] or ||AHJR3| , §2.1]. (When 

necessary, below we will add a superscript ‘G’ to the notation.) Note that if {L,£^l,£l) Ag (Af, 
and {M,£?m,£m) Ag {£, ^l,£l), then Y(^M,eM) = so that M and L are G-conjugate. Since, 

under our assumptions, these groups have at most one cuspidal pair with a given central character (see 
Proposition ^), this implies that {L,^l,£l) and (M, are G-conjugate, so that :<g is indeed an 

order. The following alternative description of this order is due to Lusztig. (Note that ^ has a different 
meaning in |Lu4|: it is a refinement of the opposite of the partial order denoted :<g here.) 


Proposition 3.1 ( |1 Lu 4 Proposition 6.5]). Let {L, ffL.Lif) and (M, ffM,£M) be two cuspidal data. We have 
(L, £Llt£l) Ag (A4, ^Mi£m) if and only if the following three conditions all hold: 

(1) £l and £m have the same central character. 

(2) There exists an element g € G such that gLg~^ C M . 

(3) The orbit is contained in the closure of the induced orbit hidgfg~.i{g ■ ^l)- 

An immediate consequence is that if M C G is a Levi subgroup that contains both L and L', then 

(3.1) {L,ffL,£L) Am {L',0‘l',£l') implies {L, Ag {L', ^lg^l'). 

(This can also be deduced from the description of recalled in | AHJR2| , §2.6].) The opposite implication 

is certainly false in general; for example, it can happen that L and L' are G-conjugate but not M-conjugate. 
Nevertheless, we will see a partial converse in Corollary 3.6 below. 
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3.2. Induction series and the order :<g- 

Lemma 3.2. If G ^G,k in the induction series ^/jg induetion O-serzes 

Proof. Let be the equivariant K-local system on G such that 0 g(i^, = {G,£), and let be an 

O-form of £^. Then we have 


(3.2) 


K(g)o TO(IC(^,f®)) 


for some local system on where T^, resp. T®, is the Fourier-Sato transform on g with coefficients 

K, resp. O. Indeed, the first isomorphism follows from the compatibility of Fourier-Sato transform with 
extension of scalars (and the fact that K ( 8 >o TC(i^, f®) = IC{G,£^)), and the second isomorphism follows 
from [AHJR3, Lemma 2.1] and Corollary p?7| . 

From (3.2) we deduce, using |Ju, Proposition 2.8], that the perverse sheaf T®(IC(^, f®)) is supported on 
Y(L,eL)- Therefore, the same property holds for 

k 4o T®(IC(^, f®)) ^ T^(k do IC{G, f®)). 


1 > 0 IC(^,f®), and hence T'^{TC{G,£)) is a composition factor 

s] 

(now with coefficients 


Now XC{G,£) is a composition factor of I 

of Tg(k 00 IC(i^, f®)). In particular, we deduce that this perverse sheaf is supported on Using 

again ] AHJR3| , Lemma 2.1] and Corollary ^ (now with coefficients k) it follows that F(m.^m) C 
proving that {L,Gl,£l) Pq {M,Gm,£m)- (The condition on central characters is clear fjy | AHJR3| , 
Lemma 5.1].) □ 


Lemma 3.3. Let L G M C G he Levi subgroups, and let P G Q G G be corresponding parabolic subgroups. 
If{G,£) G then every composition factor ofl2i^Q(XC{G,£)) lies in some series 

{N, Gn,£n) he {L, Gl,£l)- 


Proof. Let R = M nP; then by assumption IC{0, £) is a quotient of 1^^i^{XC{Gl,£l))- Since I^cQ exact 
([AHJR2, §2.1]) and kills no nonzero perverse sheaf (] AHJR2, Corollary 2.15]), and since ImcQ^^k ~ ^lcp 
([ AHJR 2 , Lemma 2.6]), it suffices to prove that all c omposit ion factors of Vf^p{XC{GL,£L)) he in series 
obeying the desired inequality. This fact follows from ] AHJR3, Eq. (2.2) and Lemmas 2.1 and 5.1]. □ 


3.3. 0-cuspidal data dominated by a cuspidal datum. 


Lemma 3.4. Assume that G is semisimple of type A, or that G is quasi-simple, simply connected, and 
not of type A. Fix a central character y. On the set of 0-cuspidal data with central character y, 

the partial order is a total order. Moreover, this total order can he described simply as follows: for 
(P, Gl,£l), (M, Gm, £m) G OJlg we have {L, Gl,£l) ^g {M, Gm,£m) if and only if there is an element 
g G G such that gLg~^ G M. 


Proof. If G is semisimple of type A, then Proposition Hi) tells us that DJIq ^ is a singleton, so the lemma 
is trivial in this case. 

If G is quasi-simple, simply connected, and of exceptional type, then, from the classification in [Lul, §15], 
we see that fOlg ^ contains one or two elements, and that when it contains two elements, one of them 
is of the form {G, Gg,£g)', be., it is actually a 0 -cuspidal pair for G itself. Let {L,Gl,£l) be the other 
0-cuspidal datum with the same central character. In every case, the classification shows that Gp is the 
regular nilpotent orbit in L, so the induced orbit Ind^Gp is the regular orbit G^eg for G. By Proposition ^ 
this implies that (P, Gl,£l) ^g {G, Gg,£g), as desired. 

Suppose now that G = Sp(2n). The pairs {L,Gl) admitting cuspidal local systems are of the form 
(Pfc, Gk) where 

Pfc = GL(1)”-'=(^-+1)/2 X Sp(fc(fc + 1)), Gk = GoX ^(2fc,2(fc-l),.. .4.2), 


and k is a, nonnegative integer such that n > k{k -\- l)/2. So to prove the claim in this case, it suffices to 
show that if fc < fe' then G^/ is contained in the closure of Ind^J;' {Gjf). We can assume that n = k'{k' -\- 1)/2, 






















so that Lk' = G. According to [|CM| , Theorem 7.3.3], the induced orbit Ind^^i^fc corresponds to the partition 

(2n - k{k + 1) + 2k, 2(A: - 1), 2(fc - 2), • • • , 4,2), 

which does indeed dominate the partition {2k', 2{k' — 1), 2{k' — 2), • • • , 4, 2). 

Finally, suppose G = Spin(n). For any Levi subgroup L C G, let L be its image in SO(n). Note that L 
is determined by L. Consider first the case where x is trivial. The pairs {L, ^l) admitting cuspidal local 
systems with trivial central character are of the form {Lk, ffk) where 

Lk = X SO(A:2), x ff(2k-i,2k-3,- . 3 . 1 ), 


and fc is a nonnegative integer such that n > k^. So to prove the claim in this case, it suffices to show that 
if fc < fc' then ffk' is contained in the closure of Ind^^' {^k)- We can assume that n = {k'Y, so that Lk' = G. 
According to [ CM , Theorem 7.3.3], the induced orbit Ind? ^ corresponds to the partition 


(n-fc2+2fc-l,2fc-3,2fc-5,-- - ,3,1), 

which does indeed dominate the partition (2fc' —1, 2k' — 3, 2k' —5, ■ ■ ■ , 3,1). For the case where x is nontrivial, 
we must look at the pairs {Lj, &j) where 

L, = GL(1)(2-A^ + 1))/4 X SO(j(j + l)/2), = ^0 X 


and j is a nonnegative integer such that n > j{j + l)/2. The argument in this case is entirely similar. □ 


Now we revert to considering a general connected reductive group G. 


Lemma 3.5. Let (L, and (M, be two 0-cuspidal data. Then {L,ffL,SL) (Af, 

if and only if the following conditions both hold: 

(1) Sl and £m have the same central character. 

(2) There exists an element g € G such that gLg~^ C M. 


Proof. In view of Proposition 3.1, it suffices to show that for 0-cuspidal data, the two conditions above imply 


that C liidg^g-i{g ■ ffr)- As usual, we may reduce to the case where G is either semisimple of type A, 
or quasi-simple, simply connected, and not of type A. Then the claim follows from Lemma 3A. □ 


Corollary 3.6. Let M G G be a Levi subgroup, and let {L, and {L', ^^',£^ 1 ) be two 0-cuspidal data 

for G. If M contains both L and L', then 


(3.3) 


{L,ffL,£L) Am {L',^l',£l') if and only if {L, ffL,£L) Ac {L', ^l',£l')- 


Proof. The ‘only if’ direction was discussed in (3.1). By Lemma (3.5) , the ‘if’ direction reduces to the claim 
that if L is G-conjugate to a subgroup of L', then it is M-conjugate to a subgroup of L'. Recall that a Levi 
subgroup that admits a 0-cuspidal pair is self-opposed in the sense of |Bol, §1.E], by |Lul, Theorem 9.2(a)]. 
The claim about M-conjugacy then follows from |Bol, Proposition 1.12(d)]. □ 


Corollary 3.7. For each cuspidal datum (M, ^m,^m); there is (up to conjugacy) a unique maximal 0- 
cuspidal datum {L,ffL,£i() such that {L,^l,£l) Fq (A/, i^m,^m)- 


Proof. Lemma implies that there exists at least one 0-cuspidal datum {L, £if) such that {L, £i0 Fq 

{M, ^Mj^m)- If G is semisimple of type A or quasi-simple, simply connect ed, and not of type A, then the 
existence of a unique maximal such 0-cuspidal datum follows from Lemma 3.4. We then deduce the result 
for general G using Lemma |2.5|. □ 


4. Comparing induction series with induction 0-series 

In this section, we prove the first main result of the paper: that each induction 0-series is a union of 
induction series. 
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4.1. Disjointness of 0-series of cuspidal data. A step towards this result is the following lemma, which 
says that 0-series of cuspidal data (defined in (^)) form a partition of the set of all cuspidal data. 


Lemma 4.1. We have 

(4.1) 91lG.k= □ 

Proof. It is immediate from the definitions that every cuspidal datum (M, lies in some series 

; our task is to show that the various are disjoint. Let (L, and (L', 

be two 0-cuspidal data. Let (M, and (M', be two cuspidal data such that 

LCM, and L'C M', 

In other words, we have 

(M, ffM, £m) e 911^-fand (M', ,£m') & 

Assume that {M,0’m,£m) and {M' , ^m',£m') are G-conjugate. We must show that {L,^l,£l) and 
(L', ffL',£L') are G-conjugate as well. 

Let g S G be such that g ■ {M, ^m, £m) = {M', ^m', ^m')- Then g ■ (L, fi) and (L', ^l',£l') are 0- 
cuspidal data for M', and the pair (^m',^m') belongs to both and . It follows 

that g- (L, and {L', ,£l') are M'-conjugate, and hence that (L, and {L', ■,£l') are 

G-conjugate, as desired. □ 

4.2. Induction 0-series are unions of induction series. 


Theorem 4.2. Each induction 0-senes for G is a union of induction series. Specifically, for (L, S 

Ij we have 


DI 


o-(L,eL,£L) 

G,k 


U ^G.k 

(M. ffM ,£m ) SOTg ’ 




Moreover, we have 


m 


o-{L,eL,£L) 
G.k 


= < (M, (?m,£m) S foic.k 


(L, ffL,£if) is the unique maximal 0-cuspidal 
datum such that (L, (-TI, ^m,£m) 


where the uniqueness was shown in Corollary 3.''i. 


Proof. In view of Lemma 2.5, it suffices to consider the cases where G is either semisimple of type A, or else 
quasi-simple, simply connected, and not of type A. 

We introduce some notation for the sets appearing in the statement: 


J^{.L,t?L,£L) ._ 


U -'"G.k 


in 




(M, eu ,£m ) 

c (. p ^ l ,£ l ) e anG.k 


{L, £l) is the unique maximal 0-cuspidal 

datum such that {L,ffL,£L) Ag {M,0Mt£m) 

Thus, the theorem asserts that 

(4.2) ^0M,eL,£L) ^ q(L,0l,£l) ^ 

By the generalized Springer correspondence (^^) and Lemma o we have 

>0-(i 

(L.0L.£L)em%.. 

(4.3) 


U = niG.k = U 

(L,0L,£L)eW°^_t (L,<5'i.£i,)GOTO ^ 

U = oiiG.k = □ 

(L,0L,£L)em%„ {L,0L,£L)€ml,„ 

so it suffices to show the inclusions 

(4.4) fyfM.^L,£L) ^ ^(L, 0 r.,£L) ^nd ^o3P^v.£l) ^ (j(L,eL,£L)^ 
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Let us also define 
(4.5) 




o-{L,eL,£L) _ 
G,k,+ ■ — 






o-iL,eL,£L) 

G,k,+ 


G.k I 


u 

(L,ffL,£L)^G{L',ff^,,£^,) 

□ im; 

(L,eL,£L)^G{L',ffi^,,£L') 

Note that 

^(L,eL,£L) ^ e ®tG,k 

Lemma 3.2 and (0 imply that 
(4.6) 


B 


(L,eL,£L) ._ 


C 




u 

iL,ffL,£L)d:G(L',eL,,£^,) 

u 

{L,ffL,£L)dlG{L',eL,,£L 


j^{L ',£^/) 


(jiB ,(?XjI ,£i^i) 


{L, ^l,£l) d:G [M, ^m.^m)}- 


.o-(L,eL,£L) 

G,k,+ 


CB 


{L,0l,£l) 

+ 


and 


m 


o-{L,eL,£L) 

G.k.+ 


C C. 


{L,eL,£L) 


Suppose first that G is semisimple of type A. By Proposition 2.9(^, any two 0-cuspidal data are incom¬ 
parable, so the disjoint unions in (4.5) each contain a single term, and (^) reduces to the desired (4.4). 

Suppose now that G is q uasi-simple, simply connected, and of exceptional type. From the classification 
of 0-cuspidal data in [ Lull §15], we observe that if we fix a central character y, then there are at most 
two induction 0-series with central character y. If (L, £l) € OHq ij is the sole 0-cuspidal datum with its 

central character, then it satisfies (4.4) as in type A. On the other hand, if there are two 0-cuspidal data 
with a given central character, then one of them consists only of a (O-)cuspidal pair, so ( |4.6| ) has the form 

fy^^{L,ffL,£L) y g^^(G,^G,£G) y J^iL,&L,£L) y ^(G,^g,£g) 

y gj^0-(G,^G,£G) y ^{L,ffL,£L) y (^(G,^g,£g) 

C? jk C? jk 


By Lemma 2.3, an induction 0-series consisting only of a 0-cuspidal pair is also an induction series. As a 
consequence, we have = ( 7 (G,^g.£g)_ \Ye conclude that (4.4) 

holds for all {L,ffL,£L) G 911^^. 

Suppose next that G = Sp(2n). In the proof of Lemma 3.4, we recalled the explicit list of Levi subgroups 
admitting a 0-cuspidal pair: each such Levi subgroup is of the form 

Lk = GL( 1 )”-'=('^'+i )/2 X Sp(fc(fe -L 1)) for k such that 0 < fc(fe -L 1) < 2n, 

and for each L^, there is a unique 0-cuspidal datum {Lk,ffk,£k)- We also saw that {Lj, ffj^£j) 

{Lk, ffk,£k) if and only if j < k. Recall that Nc{Lk)/Lk is isomorphic to the wreath product (Z/2Z) I 
&n-k(k+i)/2^ i-e-i a Coxeter group of type Cn-k(k+i)/2- The irreducible complex representations of (Z/2Z) I 
&n-k{k+i)/2 are parametrized by the set Bipart(n — k{k -L l)/2) of bipartitions of n — k{k + l)/2. By the 
characteristic-0 generalized Springer correspondence, we have 

= |lrr(C[(Z/2Z)?6„_fc(fc+i)/2])| = |Bipart(n - fc(fc + 1)/2)|. 

We now describe 971^^1^'“’^''’^''^ The possibilities for cuspidal data are described in the proofs of [ AH JR3| , 
Theorems 7.1 and 7.2]: each cuspidal datum involves a Levi subgroup of the form 

My = GL(zzi) X • • • X GL(z/s) x Sp(A:(fc -|- 1)) 

where iz = (z/i, • • • , zz^) is a partition of n — k{k -L l)/2 in which each zzj is a power of i. (In [ AHJRSj, the set 
of such partitions was denoted by Part(n — k{k -L l)/2, £).) Such a Levi subgroup supports a unique cuspidal 
datum: (My, Gy x Ek), where Gy denotes the regular orbit for GL(zzi) x • • • x GL(zzs). Since (^y,k) 

is part of the principal 0-series for GL(zzi) x • • • x GL(i/s), we see that in 9lMy,k, the pair {Gy x Gk,'kM £k) 
belongs to the 0-series of {Lk, Gk,£k)- So 

(4.7) 911^;^^^'“’^''’^''^ = {{My, Gy X ^fc,lkKffe) I zz G Part(n - k{k + \)/2,£)}. 

For {My, Gy X Gk,'kM£k) G we have {Lk,Gk,£k) Ag {My, Gy x Gk,'k^£k) by Lemma m. 

On the other hand, {Lk+i,Gk+i,£k+i) :Ag {My, Gy x Gk,'kM£k) because Lfc+i is not conjugate to a Levi 
subgroup of My. This shows the second inclusion in (4.4). 
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Given v S Part(rt —fc(fc + l)/2, £), we h ave Nc{M,y)/Mi, = (Z/2Z)where &m{v) is a certain product 
of symmetric groups defined in [ AHJR3 , §5.4]. The irreducible k-representations of this group are labelled 
by a certain combinatorial set of tuples of Gregular bipartitions, denoted Bipart^ (m(z/)). The generalized 
Springer correspondence for G gives us that 

= |irr(k[Arc(M,)/M,.])| = | Bipart, (m(^))|. 

It follows that 




E 

iv'GPart(n —fc(fe+l) /2,^) 




E 

i/£Part(n—/i‘(/c+l)/2,£) 


jBipart (m(i/))| = |Bipart(n — k{k + 1)/2)|, 


where the last equality comes from [AHJR3, Eq. (7.4)]. In particular, we have shown that = 

An immediate consequence is that | so the first inclusion in ^.6| ) 

must be an equality, and hence (by downward induction on k) we have the desired first equality in ( |4.2| ). 

Finally, suppose that G = Spin(n). The pr oof is sim ilar to the case of Sp(2n), using the descriptions of 
Levi subgroups admitting cuspidal pairs from j AHJR3 , §8] and explicit formulas for the number of elements 
in each series. We omit further details. □ 


4.3. Induction and 0-cuspidal data. Using Theorem 4.2 one can prove the following counterpart of 
Lemma 1.3, to be used later. 


Corollary 4.3. Let L G M G G be Levi subgroups, and let P G Q G G be corresponding parabolic 
subgroups. k then every composition factor of £)) lies in some 0 -senes 

^L',ffL',£L') {L,ffL,£L). 

Proof. Let {N,6'N,£t^) be a cuspidal datum for M such that {ff,£) G By Lemma ^ we 

have {L,ffL,£L) <m {N,0n,£n). Using ( |0|) we deduce that {L,ffL,£L) {N,0 n,£n)- Consider 

now a composition factor P of £)), and let {K, £k) be a cuspidal datum such that the pair 

associated to J* belongs to By Lemma 3.3 we have (N, ffpf, £pf) :<g (AT, hence a/ortion 


(L, ffL,£L) :ftG (AT, £k)- Now if the pair associated to P belongs to OIq) 




then by Theorem 


(A', is characterized by the property that it is the unique (up to G-conjugation) maximal 0-cuspidal 

datum which is smaller than (AT, ^k,£k) for diG- Hence we must have (A, diG □ 

5. Cleanness conjecture 


5.1. Cleanness. Following |Lu2, Definition 7.7], we say that a simple object TC{ff,£) in Pend^G,^) is 
clean if its restriction to ^ vanishes. In characteristic 0, all simple perverse sheaves associated to cuspidal 


pairs are clean |Lu3, §23]. This fact plays a key role in the theory of character sheaves. It is known that this 
property does not hold in general when i > 0 (for example, see |AHJR2, Remark 2.5]). However, C. Mautner 
conjectured that it holds for 0-cuspidal pairs in rather good characteristic. 

Conjecture 5.1 (Mautner’s cleanness conjecture). If i is rather good for G, then for every pair {ff,£) £ 


the simple perverse sheaf TC{ff, £) is clean. 


In other words, this conjecture asserts that for {ff,£) G have IC{ff,£) = j e\£[dim. ff]: where 

je : G ^ Jig i s the inclusion map. Since the class of 0-cuspidal perverse sheaves is stable under Verdier 
duality AHJR2 , Remark 2.3], the conjecture is equivalent to the apparently stronger assertion that for any 
{G,£) G we have 


(5.1) IC{G,£) = j^*A[dim^] = jV!^[dim^]. 

It will be useful to restate the cleanness condition in terms of Horn-vanishing. Let i : G\i 
the inclusion map. By adjunction, IC{G,£) is clean if and only if 


^ gLg denote 


(5.2) 


Uomjji, f^^^ d^C{G,£),uP) = 0 for all A'G D^(^ \ k). 
















It clearly suffices to verify the vanishing in (5.2) for a set of objects T that generate k) as a 

triangulated category. For instance, XC{ff,S) is clean if and only if 

(5.3) Hom^b ,£')) = 0 for all fc £ Z and all (G'^£') £ with G' <Z G,G' ^ G. 

Here, as usual, ^^(H,i3) denotes Hom^jb ^ (H, i?[fc]). 

5.2. Verification of the cleanness conjecture in some cases. In this section and the following one, we 
will show that the cleanness conjecture holds in the following cases. 


Theorem 5.2. Conjecture 5.1 holds in the following cases: 

( 1 ) e\\w\; 

(2) GfZ{G)° is semisimple of type A; 

(3) G is quasi-simple and simply connected of type B 4 , G 3 or D^; 

(4) G is quasi-simple and simply connected of exceptional type. 


Of course, by the principle of Lemma 2.5, the conjecture also holds for any reductive group whose root 
system only contains factors of the types indicated above. The conjecture also holds vacuously if there are 
no 0-cuspidal pairs. 

Remark 5.3. Recall from | LuI| , Introduction] that a quasi-simple and simply connected group of type BjG jD 
has a 0-cuspidal pair only in the following circumstances: 

• Bn', when 2n -I- I is either a triangular number or a square; 

• Gn'- when n is a triangular number; 

• Dn'. when 2n is either a triangular number or a square. 


So the cases of these types listed in Theorem 5.2 represent the smallest ranks for which the conjecture is not 
vacuously true, and the next-smallest such ranks would be Hr, Ce, Hg. 

Proof of Theorem ^.2| in case (|^). For any {G,£) £ any local system occurring in any cohomology 

sheaf W{XC{G, £)\ffr) must have the same central character as £. In type A, if {G, £) is a 0-cuspidal pair, then 
in fact (G, £) is the unique element of with its central character (a special case of Proposition 2. 
so the sheaves 'W{XC{G,£)\ffi) must vanish for all G' ^ G. In other words, XC{G,£) is clean. □ 

Another important case is provided by the following proposition. 

Proposition 5.4. Let {G,£) be a 0-cuspidal pair with central character y. Assume that for any cuspidal 
datum {L,Gl,£l) where £l has central character x, ^ does not divide \No{L)/L\. Then XC{G, £) is clean. 

Proof. The proof is essentially the same as one of Lusztig’s arguments in the setting of character sheaves 
with (. = 0 (see the proof of (pbu2 , Proposition 7.9]), but we will express it in a form which is closer to the 
proof of [RR, Proposition 4.2]. 

We must prove the Horn-vanishing statement (5.3) for every pair {G', £') £ Dlc.k with G' <Z G and G' ^ 6. 
In fact we will prove that for all pairs {G',£') £ distinct from {G,£) we have 

Hom^b(^^ k)(2:C(^,£:),IC(^',£:')) = 0 for all fc £ Z. 

By Lemma |A.lj , we need only consider pairs with the same central character y as {G,£). 

By Proposition |2.6|, a pair {G',£') with central character y and distinct from {G,£) cannot be cuspidal, 
so it must belong to the induction series associated to a cuspidal datum {L,Gl,£l) where L ^ G and £l 
has central character y. Since i does not divide |7 Vg(L)/L|, the induced perverse sheaf lf^p{XC{GL,£L)) is 
semisimple by |AHJR4, Remark 7.2]. (Here, as usual, P denotes a parabolic subgroup with Levi factor L.) 

A c\ tG 


Hence XC{G',£') is a direct summand of f^)), and it suffices to prove that 


Horn' 


D-^(p,a^){^C{G,£fl^p^p{XC{GL.£L))) = 0 for all k. 


But this is immediate from adjunction, since 'Rp^p(XC(^, f)) = 0 by definition of cuspidality. 


□ 
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Proof of Theorem 5^ in case (|^) and most of cases and (||). We can now prove the cleanness conjecture 
in the remaining cases in the theorem, excluding type Eg, in characteristic 7 and type B 4 in characteristic 3. 

In case (P, the fact that I \ \W\ implies that for any Levi subgroup L C G, £ does not divide the cardinality 
of the group Ng{L)/L, since the latter is a subquotient of W (see, for instance, |AHJR4, Eq. (4.1)]). The 
conjecture then follows from Proposition 5.4. 

If G is of type G 2 or F 4 and £ is rather good, then £ does not divide \W\, and so the conjecture holds. 

If G is simply connected of type C 3 , resp. Dg, Eg, Ej, and £ is rather good, there is one 0-cuspidal pair for 
each faithful central character y, and there are no other cuspidal pairs. Moreover there is (up to conjugacy) 
only one other cuspidal datum (L, with central character %, namely the minimal one described 

in [AHJR4, Proposition 5.1], in which the Levi subgroup L is of type Ai, resp. Ai + Ag, 2 A 2 , {2>Ai)". The 
associated group Ng{L)/L is isomorphic to W{G 2 ), resp. W{Ai), IT(G 2 ), W{E 4 ). The rather good prime £ 
does not divide the cardinality of this group, so once again the result follows from Proposition ^.4| . 

Finally, if G is of type B 4 and £ > 3, or if G is of type Eg and £ > 7, then £ does not divide |IT|, and we 
can conclude as before. □ 


6 . Proof of the cleanness conjecture in types Eg and B 4 

The only two remaining cases in Theorem are that in which G is quasi-simple of type Eg and £ = 7, 
and that in which G is quasi-simple of type B 4 and £ = 3. This section is devoted to the proof of these 
cases. The key property they share is that, if {^,£) denotes the unique 0-cuspidal pair, all (or, in the 
latter case, almost all) the pairs S Olc.k with ff' (Z and G' G belong to the modular Springer 

correspondence. 

6.1. Image of the Springer correspondence. We begin with some results that apply to arbitrary con¬ 
nected reductive groups and arbitrary rather good primes. Let 0rs C g be the open subset consisting of 
regular semisimple elements. This set coincides with the Lusztig stratum where T is a maximal 

torus in G. Recall that over grs, the Grothendieck-Springer simultaneous resolution of g restricts to a Galois 
covering map with Galois group W. Thus, if E is any member of the Gmodular triple (K, O, k), then any 
E[IT]-module V determines an E-local system jCv on grs (see, for instance, | AHJR2 , Eq. (2.16)]). We define 
a functor 

: Rep(E[W])PervG(YEG,E) by ^-eC^") = (TJ-^ (XC(g,„ Gy)), 

where Tg is the Fourier-Sato transform on g. By construction, if E is a held and V is irreducible, then 4 'e(E) 
is the simple perverse sheaf that corresponds to V under the bijection (1.2) in the special case of the ‘principal’ 
cuspidal datum (L, Gl,£l) = (X, {0},E), in other words under the Springer correspondence. We denote by 
PerVgP'^(M^, E) the essential image of this functor. Since dlE is fully faithful (because all of the functors 
V 1 -^ £v, XC(grs, —) and (Tg)”^ are fully faithful), it induces an equivalence Rep(E[lT]) = PervQP‘^(Yl^;,E). 

Lemma 6.1. For'E € {K, 0,k}, define PervQ^^(M^,E) as above. 

(1) Let T G PervG(./lc;, O) be torsion-free. Assume that K ^0 E belongs to PervQ^“^(YlG, K) and that 
k(g )0 belongs to PerVg^’^(YlG, k). Then E belongs to PervQ’“^(MG, O). 

(2) //E = K or k, an object E of PervG(YfG;E) belongs to PervQ’“^(MG, E) if and only if it has no 
subobject or quotient of the form XC{G,£) with {G,£) ^ 

Proof. (|^) We consider the torsion-free O-perverse sheaf 17 :=Tg(X'). Since kigjQX'belongs to PerVgP’^(M^, k), 
the perverse sheaf k G is the IC-extension of a local system on grs. Therefore, if z : g \ grs ^ g is the 
inclusion, we have 


k®oX(^) GPX^-\.yEG,k) 

It follows that we also have 

i*iG) 

so G is also an XC-extension of a perverse sheaf G] 
one can easily deduce that Grs is an 


and k 0 o u(f7) G ^D^^{zPg 


and i'iG) ePD^\zPG, 


on grs. From the fact that k Gvs is a local system, 
free local system. And since the monodromy action on K 0o Grs 
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factors through an action W (because K (g)o ^ belongs to PervQ^‘(.y(^, K)), the same must be true for ^rs- 
We deduce that belongs to PervQP"^(./(^, O). 

If (L, is an y cuspid al datum other than (T, {0},E), t hen the corresponding Lusztig stratum 

Y{L,eL) (see Section || or [ AHJR3 , §2.1]) is contained in g \ grs- By [ AHJR3| , Lemma 2.1], a simple perverse 
sheaf TC{ff,£) € P&ryci-^G,^) has {ff,£) ^ if and only if Tg(IC(i^,f)) is supported on g \ g^- 

Thus, part (||) is equivalent to the assertion that T belongs to PervQ^’^(./l^,E) if and o nly if Tg(J^) has 
no subobject or quotient supported on g \ g^. For any T G PervG(.yl( 3 , E), we know by [^, Lemma 6.1] 
that Tg(J^)|g^J— dirng^s] is a local system (possibly 0) with monodromy action factoring through W. Hence 
Tg(J^) has no subobject or quotient supported on g \ g^ if and only if Tg(J') is isomorphic to IC(grs, £) for 
some local system C, on g^s arising from a representation of W. This proves the claim. □ 


Lemma 3.1 has the following consequences, which we will use crucially in §16.3-6.4. 

Corollary 6.2. Let X C oTg he a elosed union of G-orbits. 

(1) Let E = K or k, and assume that any {^,£) G with C X belongs to the principal series 

Then any T in PervG(.H^,E) supported on X belongs to Pervg’*(.H^,E). 

(2) Assume that for both K and k, any pair {^,£) with ff d X belongs to the principal series. Then 
any torsion-free T in PervG(c/l^, O) supported on X belongs to PervQ^'^(c/lG,O). 

Proof. Part (|^) follows from Lemma 6.1(^), since in this setting any simple quotient or subobject of X must 
be supported on X, h ence must correspond to a pair in the principal series. Then Part (^ is an immediate 
application of Lemma 6 T(^). □ 

Remark 6.3. More generally, when E = K or k, Lemma implies that the category PerVgP'^(M^,E) is 

stable under extensions. However, in general it is not stable under taking subobjects or quotients. 

Below we will also use the following result. 

Lemma 6.4. Let V G Rep(0[lF]) be torsion-free, and assume that k (g )0 4'o(l/) belongs to PervQ^’^(./l^, k). 
Then we have k (g)^ 4'o(l^) — d'ij;(k (go Y). 

Proof. We have 


k go 4i'o(F) = k go (Tg^ 


-1 


{IC{g,:s,Cv)) = (Tg) RkgoIC(grs,£y)) 


since Fourier transform commutes with modular reduction, see [ AHJR2| , Remark 2.23]. Now the assumption 
that k gQ 4'o(F) belongs to PervQP"^(M^, k) implies that k g^ TC{Qrs,£v) is the IC-extension of a local 
system on grs- This local system must be the appropriate shift of the restriction of this perverse sheaf to grs, 
i.e. k go T-v — ff follows that we have 


k go 'l'o(f^) — (Tg) (XC(grs, -CkOov)), 


which finishes the proof. 


□ 


6.2. Blocks. Let us consider the decomposition 1 = 6 * of 1 as a sum of orthogonal primitive idempo- 

tents in the center Z{Q\W\) of the group al gebra 0[1F]. This decomposition determines the decompositions of 
Irr(K[lF]) and Irr(k[lF]) into I'-blocks, see |CR, §56.B]: an irreducible representation of W over K, resp. over 
k, belongs to the block if and only if it is a composition factor of the representation K[W]-ei, resp. k[lF] -Ci, 
where G k[lF] is the image of in k[lF] (a primitive central idempotent). Equivalently, the irreducible 
representation V o ver K, resp. k, belongs to iff e,, resp. e^, acts as the identity on V. 

Recall (see [ jCR] , Proposition 56.31]) that if V is an irreducible K-representation of W such that dimF is 
divisible by the largest power of i dividing JlFj, then V is the unique irreducible K-representation belonging 
to its block; such blocks are said to be of defect 0. If B^ is a block of defect 0, we write Ef for its unique 
irreducible K-representation. If Ef is an O-form of Ef, then Ef is a projective 0[lF]-module, Ef := kgoE® 
is a simple and pr oject ive k[tF]-module, and Ef is the unique irreducible k-representation belonging to B^. 

Recall also (see ]CR, §56.26]) that the decomposition matrix is block-diagonal if irreducible representations 
are ordered by ^-blocks; in particular, if B^ is a block of defect 0, with the notation above Ef is the only 
irreducible K-representation whose modular reduction has Ef as a composition factor. 
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Lemma 6.5. Let be a block of defect 0, and let resp. he the pair corresponding to 

Ef', resp. Ef, under the Springer correspondence. Then = {ff',£^) (in particular, G' = O'), and 

IC{G',£^) is a direct summand of the Springer sheaf 

Proof. The first assertion follows from 0 , Theorem 5.3]. In fact, as recalled above, Ef' is the only ir¬ 
reducible K-representation whose modular reduction has Ef as a composition factor so that, using the 
notation of that result, we must have PsiEf) = Ef. Similarly, the ‘rather good’ assumption forces the 
choice P^ieGiG,£^)) = (G,£^). 

For the second assertion, we simply remark that since Ef is a direct summand of lk[bF], the perverse sheaf 
IC(G', £'^) = '^kiEf) is a direct summand of ^'k(lk[IF]). □ 


Using the equivalence Rep(E[IU]) = PerVgP"^(.ylG,E) induced by 'I'e, we obtain an action of the centre 
2'(E[IU]) on PervQP"^(.yl^, E). So if E belongs to Pery^'^{.yVc, O) or to Peryf?'^{.yVc, K), then it makes sense to 
consider the object a direct summand of E. Similarly, if E belongs to PervQ^’^(o/)^, k), then it makes 

sense to consider the direct summand Ci ■ E oi E. 

Lemma 6.6. If E € Pervg^’^(./1^,O) is torsion-free and ifk^^E belongs to PerVg^’^(./lG,k), then we have 


>E)^\ 


{e^■E). 


Proof. Let V S Rep(0[IU]) be such that E = 'I'o(l^)- Then by Lemma 3.4 (applied twice) we have 

L L L L L L 

Ci ■ (k 0O E) = Ci- ^'k(k (8)0 V) = '^k(e^ ■ (k (giQ V)) = ^'ik(lk <8)o (e, • U)) = k (8)o ^'o(ej • U) = k ®o (e* • E), 


which proves the claim. 


□ 


6.3. Proof of Theorem ^.2| for G of type Ug and 1 = 1. In th is proof, for brevity, we will denote nilpotent 
orbits and Levi subgroups by their Bala-Carter labels, see CM (except for the trivial orbit, denoted {0}), 
and we will follow the notation of 0 for nontrivial local systems, with a superscript indicating the coefficient 
ring. Thus, the unique 0-cuspidal pair in HlG.k is the pair (£ 15 ( 07 ), 11111*^). The corresponding simple perverse 
sheaf is denoted 2 C{Es{ar), lllll*'). 

Let X be the union of all nilpotent orbits for G that are contained in the closure of Es{aT) but different 
from it. It suffices to prove the following claim: The category Z?q(X, k) is generated as a triangulated 
category by direct summands of perverse sheaves induced from proper Levi subgroups. Indeed, the Horn- 
vanishing statement (5.2) holds whenever is a direct summand of a perverse sheaf induced from a proper 
Levi subgroup, by adjunction. In contrast to the proof of Proposition 5.4, the set of direct summands of 
induced perverse sheaves we will use to generate k) will not consist entirely of simple perverse sheaves. 

We use the determination of the modular Springer correspondence and its decomposition into blocks given 
in puj , §9.5.4]. There are fifty-nine pairs {G, £) with G C X, all of which are in the principal series 
for both E = K and E = k. So Corollary |6.2| guarantees that any perverse sheaf supported on X is in 
PerVgP'^(c/lG,E) for E G {K, O,k}, provided E is torsion-free in case E = O. Among the fifty-nine pairs in 
TtG.k supported on X, forty-five correspond to k[IU]-representations in blocks of defect 0: 


(£^7(05), y 

(A4 ^ 3 , k) 

(£5(01),y 

(£ 4 (oi) + Ai,21'^) 

(2A2 -|- Ai, y 

(£17(05), 21'^) 

(D^.k) 

(£5(01), ii*^) 

(£ 4 (oi) + Ai,111'') 

(2A2,k) 

(£17(05), 111'^) 

{EQ{a3),k) 

(2A3,k) 

(A3 -f 2Ai,k) 

(A 3 ,k) 

(£5(03) + Ai,y 

{D4 + A2 , k) 

(£4(01) -l- A2,k) 

(2A2 -f 2Ai,k) 

(A2 -f 2Ai,k) 

(£15(03) + Ai,ll'') 


(£4(01) +^ 2 , 11 '^) 

(£ 4 ,k) 

(A2 -l- Ai, y 

(£>6(02), k) 

{A4 + A2 H“ Ai , k) 

(£4 -f Ai , y 

(£4(01),^ 

(A2,k) 

{De{a2),n'^) 

{A4 + A2 , k) 

{As + A2 -P Ai,k) 

(£4(01), 211^) 

(A2,11'^) 

(£5(01) -i- A2,y 

(A4 + 2Ai , y 

(A 4 ,k) 

(£4(01), 111'^) 

( 3 Ai,k) 

( A5 -f Ai , y 

{A4E2 Au11 ^) 

(£4(01) -1- Ai,k) 

(A3 -f Ai,y 

(2Ai,k) 


The corresponding simple perverse sheaves IC{G,£) are direct summands of the Springer sheaf (which, of 
course, is induced from a maximal torus) by Lemma jS.b) . 

16 







Pair 

K-perverse sheaf on A^e? 

Idempotent 

({0},M) 

XC({0},K) 

ei 

(Ti,k) 

XC({0},K) 

63 

(2^2,11^) 

XC(2Hi,K) 

ei 

(H2 + Ai,1 U) 

XC(2y4i,K) 

63 

(H 3 + A2,11'^) 

XC(3Hi,K) 

62 

(A3 + H.2,y 

XC(3H'i,K) 

64 

( 4 ^ 1 , k) 

XC(4Hi,K) 

62 

{A2 + 3 Ai , y 

XC(4Hi,K) 

64 

(-A4 + Ai , k) 

XC (-A2 + Ai , 

61 

(^14,11“) 

XC(T2 + Ai,K) 

63 

(H4 + kli,lU) 

XC(H2 +^i,K) 

64 

(T5,k) 

IC{ 2 A 2 ,K) 

62 

(1)5(01) + 

XC(H3,K) 

61 

(X 6 (a 3 ),ll^) 

XC(H3,K) 

63 


Table 1. Calculations for type Eg and £ = 7 


The remaining fourteen pairs (or more precisely the corresponding IT-representations) are organized in 
four blocks as follows: 

Bi : ( 0 ,y, ( 2 ^ 2 , 11 **^), (T 4 + Ti,k), (£> 5 ( 01 ) + 

B2 : ( 4 Ti,k), {As+A 2 ,n'^), (kl5,k) 

B3 : (kli,k), (kl2 + Ai, (T4,11'^), (Eeias), 11*') 

B4 : (T2 + 3 Ai,y, (^3+^2,M)i (^4 + 11**') 


(The blocks also contain other IT-representations corresponding to pairs not supported on X, which we 
have not listed.) For each pair {£?,S) in this list, we will exhibit a direct summand of an induced perverse 
sheaf which is supported on and whose restriction to G is f [dim ££]; this will prove the claim. 

The calculation relies on knowledge of inductions of VF-representations over K. For instance, we have 


= Xl,0 © X35.2 © X84.4 © X8.1 © X112.3- 

By compatibility of the (ordinary) Springer correspondence with induction (which follows e.g. from [ AH JR3| , 
Theorem 4.5]), we deduce that 


l|®(IC({0},®) ^ XC({0},K) ©XC(2Ti,K) ©XC(3Ai,® ©IC(Ai,K) ©XC(T2,K). 


Here, we write for the functor where L is a Levi subgroup of type Ey and P is a parabolic subgroup 
containing P as a Levi factor. 

Observe that (XC({0},K)) is supported on X and hence belongs to PervQP'^(cytfe, K) by Corollary 
Similarly for I^®(XC({0},O)) and lp®(k(g )0 (XC({0},O))); since induction commutes with modular reduc¬ 
tion [ AHJR2| , Remark 2.23], the latter is a modular reduction of Ip®(XC({0},K)). So it makes sense to apply 
block idempotents to all these perverse sheaves. 

Consulting ( | 6 .l|) , we see that 63 • Ip®(XC({0},K)) = XC(Hi,K). Therefore 63 • 1^®(IC({0}, O)) is an O- 
form of JC(Hi,K). Using |^, Proposition 2.8] and Lemma |^ , it follows that 63 • Ip®(k ©q (XC({0},0))) 
is supported on the closure of Ay and its restriction to Ay is the appropriate shift of k. Thus, 63 • Ip® (k 0 q 
(XC({0},0))) is our desired direct summand of an induced perverse sheaf for the pair (Ti,y. 

Similar calculations apply to each of the other pairs appearing in (|t 1). For each such pair, Table | 
lists a K-perverse sheaf on and a block idempotent that can be used to produce an appropriate direct 
summand of an induced perverse sheaf. 
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Pair 

K-perverse sheaf on gVbs 

Idempotent 

(111111111,y 

IC(1111111,® 

ei 

(22221, k) 

XC(22111,K) 

ei 

(3111111,k) 

XC(1111111,K) 

62 

(33111,k) 

XC(22111,K) 

62 

(32211, e*^) 

XC(31111,e‘^) 

63 

(522, k) 

XC(322,K) 

63 

(3111111,e^) 

XC(31111,e'^) 

64 


Table 2. Calculations for type and £ = 3 


6.4. Proof of Theorem |5.2| for G of type and £ = 3. In this proof, w e will de note nilpotent orbits 
by partitions of 9. Let £531 be the local system on the orbit 531 described in [ AH JRS , Theorem 8.3]. Then 
(531, £ 531 ) is the unique 0-cuspidal pair in Tt( 3 ,ij. Since this cuspidal pair has trivial central character, we 
need only consider pairs with trivial central character; equivalently, we can and will redefine G to be the 
adjoint group of type Bi, namely SO(9). 

Let X be the union of all nilpotent orbits for G that are contained in the closure of 531 but different from 
it. It turns out that for all a; G Jf, the group Aq{x) is either trivial or of order 2. When it is of order 2, we 
will denote the nontrivial irreducible local system on the orbit of x by or e'*^. The trivial local system will 
still be denoted by k or K. The orbit 441 is open in X] let X' be its complement in X. 

As in the preceding subsection, it suffices to prove the following claim: The category Dq {X, k) is generated 
as a triangulated category by direct summands of perverse sheaves induced from proper Levi subgroups. As 
in §6.3, to prove this claim we will exhibit, for any pair with ^ C A, a direct summand of a perverse 


sheaf induced from a proper Levi subgroup which is supported on and whose restriction to & is £^[dim ff]. 
There are fourteen pairs {^,£) with ff G X, thi rteen of which actually satisfy C X' . The modular 
Springer correspondence in this case is known from |JLS]. It turns out that all thirteen pairs supported on 
X' are in the principal series for both E = K and E = k. 


The pair (441, ^ is not in the principal series 91^ 


(T.{0},k) 


In fact, this pair must belong to the series 


fy>(A2, ^reg 

■'yG.ki 


,k) 


, as that is the only non-principal, non-cuspidal induction series that has trivial central character 


(see AHJR3| ). The Levi subgroup A 2 belongs to the 3-Sylow class of G (see | AHJR4 , §4.3]), and so 
by |AHJR4, Remark 7.2] the induced perverse sheaf I^*(IC(^reg,k)) is semisimple. In particular, IC(441,y 
is a direct summand of (IC(i^regj k)), which takes care of the pair (441, y. 

We now turn our attention to the thirteen pairs on A', with a strategy very much like that employed in 
the preceding subsection. Six of these thirteen pairs correspond to k[lT]-representations in blocks of defect 0: 


(51111,k) (51111,£*') (333,k) (33111,e*^) (32211,k) (2211111,k) 

The corresponding perverse sheaves are direct summands of the Springer sheaf by Lemma |6.5| . The remaining 
seven pairs are organized in four 3-blocks: 


Bi : (111111111,y, (22221,k) 

B 2 : (3111111,k), (33111,k) 

B 3 : (32211, s'^), (522,k) 

B 4 : (3111111, £'‘) 


(Again, we have omitted pairs in these blocks that are not supported on A'.) For each pair {ff,£) in this 
list, there exists a direct summand of a perverse sheaf induced from a Levi subgroup of type R 3 that is 
supported on ^ and whose restriction to is isomorphic to f [dim ff]. Table [ 2 ] gives a list of K-perverse 
sheaves on gVbs and block idempotents that can be used to produce these objects. 
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7. Consequences of the cleanness conjecture 

In this section, we prove that the cleanness conjecture implies that Perv c[jVq,W) and 11 ^( 0 /)^,k) admit 
direct-sum decompositions indexed by 0-cuspidal data. Along the way, we study the behaviour of the 
induction and restriction functors with respect to 0 -series, and we prove that the notions of ‘supercuspidal’ 
and ‘O-cuspidal’ coincide (assuming the cleanness conjecture). In Section 7.5, we give a semisimplicity 
criterion for Per\ia{^c,'^)- Apart from that final section, we continue to assume that ^ is rather good for 


G. Note that we do not make Conjecture 5.1 a blanket assumption, but rather we will assume it (or its 
equivalent form (^. 1 [)) where it is needed. 


7.1. O-cuspidal pairs and projectivity. 

Lemma 7.1. Assume that G is semisimple. If & is a distinguished nilpotent orbit, then ZIg(^,k) is 
semisimple. That is, for any two irreducible G-equivariant loeal systems £,£' on G, we have 


Horn 




{£,£') 


if £ = £' and k = 0, 
otherwise. 


Proof. Choose a point x & G, and consider its stabilizer Gx. Since G = GfGx, we have an equivalence of 
categories Dq{G,^) = D% (p t,k) . Since G is distinguished and G is semisimple, the identity component 
G° is a unipotent group. By [|Mo| , Theorem 6.1], there exists a subgroup H C Gx suc h th at multiplication 
induces an isomorphism Gx = H t< G°; in particular, this implies that H = Ac(x). By [BL, Theorem 3.7.3], 
restriction induces a fully faithful functor Dq^ (pt, k) — >■ (pt, k). Since H is a finite group, the equivariant 
derived category Dnipt, k) is just the derived category of iJ-representations, see [^, Theorem 8.3.1]. Since 
I does not divide the order of 77 = Ag{x), the category of i7-representations is semisimple, which implies 
our claim. □ 


Proposition 7.2. Let {G,£) € 
we have 

Extp 


.0-cusp 


, and assume that (H holds for {G,£). Then for all [G',£') € Ttc.k 


^Pervo(.Afe.k)(IC(^,f),IC(^',f')) = P^il,^^(j,^,^){TC{G',£'),TC{G,£)) = 0. 

In partieular, IC{G,£) is a projective and injeetive object of PervG(oAc;,k). 

Proof. We prove the vanishing of Extp^^^^^^^ f,^^(IC{G,£),IC{G',£')); the other statement can be proved 
by similar arguments. As noted in the proof of Lemma we have an equivalence PervG(^A^,k) = 
Per\/G/z{G)°{^G/z(G)°T^)y so we can assume that G is semisimple. In this case, we will prove that 


(7.1) 


Honi^b(^^_^(XC(^,f),XC(^',£:')) = 0 for fc > 0 . 


By |BBD, Remarque 3.1.17(ii)], this will imply the proposition. Note that, by |AHJR5, Proposition 2.6], G 
is a distinguished nilpotent orbit. For brevity, we write simply Hom^” instead of Hom)j,b 

If {G',£') = {G,£), then by ( ^ ) and adjunction, we have iloin^(fEC{G,£),IC{G,£)) = Eowf {£,£). The 
latter vanishes for fc > 0 by Lemma l7.1| . 

Assume henceforth that {G',£') ^ {G,£). We proceed by downward induction (with respect to ^g) on 
the induction series to which {G',£') belongs. The base case is that in which {G',£') is cuspidal. Since 
{G,£) is cuspidal (see Lemma 2.3), {G,£) and {G',£') have distinct central characters by Proposition 
Then Lemma implies that P{ovpf{XC{G,£),IC{G',£')) = 0 for all fc, as desired. 

Next, consider a series with L ^ G. Let P denote the head of 1^,-p{IC{Gl,£l)), and let P' 

denote the kernel of the surjection lf^p{IC{Gz,£L)) - P. Using (13) and adjunction, we have 

iAoxn^{IC{G,£),P) ^ Hom'^'(^[dim ^], 

where as above je ■ G ^ JP is the inclusion map. By Lemma the latter Hom-group vanishes for all 
but finitely many values of fc. Suppose that it is not always zero, and let m be the largest integer such that 
Hom™(2'C(i^, £), P) 7 ^ 0. Of course, is a semisimple object that does not contain IC{G, £) as a summand 
(by Lemma 2.3b so Yi.oref’{XC{G,£),P) = 0. In other words, we must have m > 0. 

By Lemma m each composition factor Q of P' is either in the series associated to {L, Gl, £l )—in which 
case it is isomorphic to a direct summand of P —or in a larger series, for which the conclusion of the 
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proposition is already known to hold. In either case, we have that = 0, and hence 

Hom'"“''^(2'C(i^, f), = 0. Now consider the long exact sequence 

-^Honi™(IC(^,£’),lgcp(2^C(^L,£:L))) ^Hoin™(IC(^,£:),J^) ^Honi™+^(IC(^,£:), J-') ^ 


The first term vanishes by adjunction and Lemma 2.3, and we have already seen that the last term vanishes. 
But then the middle term vanishes as well, contradicting our assumption. 

Thus, Hom^(IC(^, f), J^) = 0 for all fc > 0. Objects of the form XC(^', f') with {&',£') £ are 

precisely the direct summands of -F, so we conclude that Hom^(XC(^, £’),2'C(^', F')) = 0 for all fc > 0 and 

all (^',£’') e □ 


7.2. Decomposition of PerMa{jyc,^) according to induction 0-series. Note that, under our assumption 
that t is rather g ood fo r G, the category of G-equivariant k-local systems on ff is semisimple for any G-orbit 
G C jVq. Using BGS , Remark 3 after Theorem 3.2.1], it follows that the category PervG(o/lc;,k) has enough 
projective objects. By standard arguments this implies that PervG(./lc?, k) is equivalent to the category of 
finite dimensional modules over some finite dimensional k-algebra; in particular, it makes sense to consider 
projective covers and injective hulls in this category. 


Proposition 7.3. Assume that Conjecture 5.1 is true for all Levi subgroups ofG. If {G,£) £ 

then every composition factor of the projective cover or the injective hull ofIC{G, £) is of the form IC{G', £') 

for some {G',£') £ 

Proof. We proceed by inducti on o n the semisimple rank of G. We can assume G is a semisimple group of 
the form described in Lemma 2^. If G is a product of proper subgroups, then the proposition holds for its 
factors by induction, and hence for G. Thus, it suffices to treat the cases where G is semisimple of type A, 
or quasi-simple, simply connected, and not of type A. 

If G is semisimple of type A, then the direct sum decomposition in Proposition 2.9(|) implies the result. 

Assume henceforth that G is quasi-simple, simply connected, and not of type A. We proceed by downward 
induction with respect to :<g on the triple {L,Gl,£l). If L = G, so that {G,£) £ then we saw 

in Proposition 7.2 that IC{G,£) is its own projective cover and injective hull. Otherwise, suppose the 


proposition has already been established for all {L' , ,£l') >~g {L, Gl,£l). Let {G,£) £ 


Here, L ^ G, so by Proposition 2.4, {G,£) cannot be cuspidal. 


We first claim that the projective cover V of IC{G,£) cannot contain any composition factor lying in a 
O-series ^ ^ ' with (L', Gl',£l') Pg {L, Gl,£l)- Indeed, if it contained such a composition factor, 

say IC{G', £'), then there would be a nonzero map V ^ I', where X' is the injective envelope of IC{G', £'). 
But the existence of such a map would imply that IC{G, £) occurs as a composition factor in X', contradicting 
the fact (known inductively) that all its composition factors lie in _ 

Since {G,£) is not cuspidal, it lies in some induction series M ^ G. By Theorem 

replacing {M,Gm,£m) by a G-conjugate if necessary, we can assume that L C M and that {Gm,£m) 
lies in Let T be the projective cover of IC{Gm,£m) in Pei'VM(-dAf,k). By induction, all 

composition factors of J- lie in Since ImcQ exact right adjoint, it takes projectives 

to projectives. Since ImcQ itself exact, I^(-q(X’) is a projective perverse sheaf that has XC{G,£) as a 
quotient. In particular, the projective cover V of IC{G,£) occurs as a direct summand of By 

Corollary 4.3, this implies that all composition factors of V lie in induction 0-series 9Ig,\j ’ v ^ l > with 
{L',Gli,^l') hG {L, Gl,£l). But we saw above that {L',Glg^l') >-g {L,Gl,£l) cannot occur, so all 
composition factors of V must indeed lie in 


The argument for injective hulls is similar. 


□ 


Theorem 7.4. Assume that Conjecture 5.1 is true for all Levi subgroups of G. Then we have 


PervG(.Afe,k) ^ 0 
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where denotes the Serre subcategory generated by the simple perverse sheaves IC{^,£) with 

Proof. Such a decomposition follows from the claim that 

whenever {G^E) and {G',£') belong to different 0-series. This Ext ^-vanishing is immediate from the infor¬ 
mation on projectives (or injectives) provided by Proposition 7.3. □ 


7.3. Some consequences of the decomposition. We can now refine Corollary 4.3. 


Corollary 7.5. Assume that Conjecture 5.1 is true for all Levi subgroups of G. Let L G M G G be Levi 
subgroups, and let P G Q G G be corresponding parabolic subgroups. 

(1) If{G,£) G then every composition factor oflfj^Q{IC{G,£)) lies in 

(2) If {G,£) G then every composition factor of Ilfj^Q{2C{G, £)) lies in ■ 

Proof. (|^) Suppose {G, £) belongs to the series 01^From Theorem |4.2|, we know that (L, Gl,£l) diM 
{N,Gn , £n), so we may assume that L G N G M. Let R G G he a parabolic subgroup with Levi factor TV, 
and such that P G R G Q. Our assumptions imply that IC{G,£) is a quotient of J £n)- 

Now, let {L', Gl',£l') be a 0-cuspidal datum for G such that lfj^QXC{G,£) contains a composition 

factor in the Serre subcategory 6(DlQ*-||f •^r'pL')y gy Theorem [rij it must also have a simple quotient, 
say TC{G',£'), belonging to gy exactness and transitivity of induction (see [ AH JR2| , 

Lemma 2.6]), IC{G',£') is also a quotient of l%^ifIC{GM,£ n)- In other words, we have 

{G',£') G 

Theorem tells us that (L', Gli,£li) is the unique maximal 0-cuspidal datum such that (L', Gli,£li) 

(N, Gn, £i\f). In particular, the 0-cuspidal datum {L', G^i,£ li) is uniquely determined; all composition 
factors of I^,^qIC(^, £■) belong to the same 0-series. 

Thus, to finish the proof, it suffices to show that 1'^,-qIC{G,£) has at least one composition factor in 
Let be the K-local system on G such that 0 m(^,= (,G,£). Let G" be the induced 
nilpotent orbit Ind^^. Recall that 1'^^qXC{G,£) and 1^,-qXC{G,£^) are both supported on G", so that 
the complexes 

C-.= l%^QXC{G,£\e„[-AimG"] and ■.= l%^QXC{G,£%e.,[-AimG"], 

are in fact both local systems. It is easy to see from the proof of [|AHJR2| , Corollary 2.15] that these local 
systems are nonzero, and that C is none other than the modular reduction of 

Both C and are semisimple since I is rather good. If £" is a simple direct summand of C, then 
there is a corresponding direct summand of with 9c{G",£'^") = {G",£"). The K-version of 
the corollary (which is obvious by semisimplicity of all perverse sheaves under consideration) implies that 
{G",£") G Since XC{G",£") is a composition factor of 1^^qXC{G,£), we are done. 

(H) If R^^q(IC(^, £■)) has a composition factor in ^ Theorem implies that it has 

a simple subobject XC{G',£') in ^ gy adjunction (see [A.HJR2, §2.1]), there is a nonzero map 

1 ^m^q^C{G',£')^XC{G,£), 

which must be surjective since its codomain is simple. Part (|^) of the corollary tells us that the first 
term must lie in ©(Dlg*-,^ {L,Gl,£l) and [L',Gl',£l') must be G-conjugate. Finally, 

Corollary |3^ tells us that these two 0-cuspidal data are also TlL-conjugate. Thus, every composition factor 
of R^cq(XC(^, £)) lies in as desired. □ 


Proposition 7.6. Assume that Conjecture 5.1 is true for all Levi subgroups ofG. 
(1) A pair {G,£) G OlG.k is supercuspidal if and only if it is 0-cuspidal. 
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(2) Let (L, be a supercuspidal datum. Then we have 

Proof, d^) By Lemma a supercuspidal pair is necessarily 0-cuspidal. On the other hand, if (^, f) is 
not supercuspidal, then it is a composition factor of a perverse sheaf of the form with 

L ^ G. The pair € ^L,k belongs to some induction 0-series M C L. Then by 

Corollary 7.5(^ we have {^,£) G with M ^ G, so that this pair is not 0-cuspidal. 

The inclusion C proved in Corollary 2.S. The other inclusion follows 

from Corollary (applied to M = L). □ 

7.4. Decomposition of Uq(. yff;;, k) according to induction 0-series. 

Theorem 7.7. Assume that Conjecture 5.1 is true for all Levi subgroups ofG. Then we have 

{L,eL,SL)eim%,^ 

where is the full triangulated subcategory of DQ^^Ac^k) generated by the perverse 

sheaves IC{ff,£) with e 

For the proof of the theorem we will need the following lemma, whose proof (which does not require 
Conjecture ^T] ) is a variant of the proof of |AHJR4, Theorem 2.5]. 

Lemma 7.8. If (L, £l) and (M, i^m, ^m) are non-conjugate cuspidal data, and if P, Q C G are parabolic 

subgroup with respective Levi subgroups L and M, then we have 

,)(lgep(IC(^i,fL)),I^cQ(IC(^M,fM))) = 0 

for any fc € Z. 


Proof. Using the fact that induction commutes with Verdier duality, it suffices to prove the lemma under 
the assumption that the semisimple rank of M is less than or equal to the semisimple rank of L. 

First, if L and M are G-conjugate, then Proposition 2.6 implies that £l and £m have distinct central 
characters, and the vanishing follows from Lemma A.l. Now we assume that L and M are not G-conjugate. 
By adjunction we have 


Horn 


(I?cp(IC(^L, fi)), I^cq(^C(^m, £m))) = 


('R^eQ°lLcp(2^C(^L,fL)),IC(^M,fM)). 


Now we apply the ‘Mackey formula’ for perverse sheaves on Mg, as stated in | AHJR4| , Theorem 2.2]. With 
the notation of that theorem, for any i G {I,-- - ,s} the inclusion M n C is strict: in fact if it 
is was not we would have C M, hence ^*L = M by our assumption on semisimple ranks, which is 
impossible. Since {ffL,£L) is cuspidal, this implies that all the subquotients in the filtration vanish, hence 
that o I^^p(IC(i^l, fi,)) = 0. In turn, this clearly implies the desired vanishing. □ 

Proof of Theorem What we have to prove is that if (L, and {L', ffL',£L') are non-conjugate 

0-cuspidal data, then for any {ff,£) G and {&',£') G 9Iq^|^ Al'Tl') g^y fc € Z we have 

(7.2) Hom^.(^^ ^(XC(^,f),IC(^',f')) = 0. 

We will fix the non-conjugate 0-cuspidal data (L, and (L', ilL',£M'), and prove {7^2) by downward 

induction on the induction series to which {ff,£) and (ff',£') belong (using in particular Theorem 4.2). For 
brevity, we write simply Hom^” instead of Hompb . 

We consider series (y and Am') ^ 9lg*'|^and assume that 

property ( [7.2D is known for pairs which belong to series C and Aw') ^ 

either {N,ffN,£N) {M, ,£m) or {N', Cn',£n') >~g {M',ffM’,£ m') and 

any fc € Z. (This assumption holds automatically in the case when the cuspidal datum [M, ff m,£m)-i 
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resp. (M', ^m',£m'), is maximal with the property that c resp. 


'•G.k 


C 


0-(l' & / S /) I I 

k ’ which is the initial step of the induction.) We also assume for a contradiction that (|7.2D does 

not hold for some {^,£) € and A: £ Z, and choose such a triple which 

satisfies 




for any {ff,£) £ and {ff\£') £ Choose also par abolic su bgroups P,P' CG with 

respective Levi subgroups M and M'. By dehnition of induction series and | AHJR3 , Lemma 2.3], there exist 
short exact sequences of perverse sheaves 

(7.3) Ker-£l^cp(IC(^M,fM)) ^2:C(^,£:) and ,£') ^ ,£m')) ^ Coker. 

Consider the following part of the long exact sequence obtained by applying Hom(—, Im'cP' , ^m'))) 

to the first exact sequence in (7.3): 

Hom^ ^(Ker, (IC(^m' , £m'))) Hom^(XC(^, £), ^ £m’))) 

^ Hom'=(I^cp(XC(^M , £m)), Im'cp' (XC(^m',^m')))- 

Lemma 7.8 implies that the third term vanishes. Lemma 3.3 and Corollary 7^(^, together with our as¬ 
sumption and our choice of fc, imply that Hom^“^ (X”, fy) = 0 for any composition factor P of Ker and Q of 
,£m')), so that the first term also vanishes. We deduce that 

Rom'^{ICiff,£),I^,^p,(ICiffM',£M'))) = 0 . 

Now we consider the following part of the long exact sequence obtained by applying Hom(IC(i^, f), —) to 
the second exact sequence in (|7.3| ): 

Hom'=-\lC(^,f), Coker) ^ Hom'=(JC(^, £’),IC(^', f')) ^ Hom'=(JC(^, f), I^,cp, (JC(^m', ^m')))- 

We have seen that the third term vanishes, and the same arguments as above imply that the first term also 
vanishes. But the middle term is non-zero by assumption, which provides a contradiction and concludes the 
proof. □ 

7.5. Semisimplicity criterion. We conclude with the following semisimplicity criterion. 

Proposition 7.9. Let k be any field satisfying (ill)- The category PervG(.yf^, k) is semisimple if and only 
ifi\\W\. 

Proof. If t divides |W|, then the abelian category of k-representations of W is not semisimple. Since this 



(7.4) Extie„^(^^,k)(IC(^,f),IC(^',f')) = 0 

for all pairs {^,£) and {ff',£') in Olc.k- Let (L, ^pjfp), resp. {L', ffpi,£ li) be a 0-cuspidal datum such 
that {^,£) £ resp. {fi‘',£') £ 91^]^ Pl'Pl')^ jg|. resp. P', be a parabolic subgroup of 

G with Levi factor L, resp. L'. By Prop osition 7.6, XC{ff^£) is a composition factor of 
Since \Ng{L)/L\ (as follows e.g. from | AHJR4 , Eq. (4.1)]), this perverse sheaf is semisimple by j AHJR4 , 
Remark 7.2], so that TC{ff,£) is in fact a direct summand of Ip^p{IC{ffL,£L)). Similarly, IC{^^',£') is a 
direct summand oilp,^p,{IC{i^L',£L'))- Hence to prove (^) we only have to prove that 

) Il'cp' (JC(^iqfLO)) =0. 

Now by Proposition 7^ the perverse sheaf IC{ffL,£L) is projective in Pervi(.ylz,, k). Hence 

ExtpervG(^G,k) i^Lcpi^C{ffL,SL)), Il'cP' 

— Extpg„^(^^ ,j)(IC(^i, £ l ), R-LcP ° Ip'cP'(^^(^PG ^P'))) = 0; 
which finishes the proof. □ 
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Appendix A. Central characters 


In this appendix we collect some standard facts concerning central characters of objects in an equivariant 


derived category. Some of these facts are well known and were used in |AHJR3|, but since we could not 
find a convenient reference for the versions needed in the present paper, we include proofs. See also [RR, 
Appendix A] for related results. 

Let F be an arbitrary field. Let iL be a connected algebraic group, and let X be an iL-variety. Let 
For : D^{X,¥) —F) be the forgetful functor. Then if a,p : H x X ^ X are the action and the 
projection, for any T in D^{X,¥) there exists a canonical isomorphism 


(A.l) 


a*For(J') ^p*For(J'). 


Indeed, the inverse image p* induces an equivalence of categories Pp : F) ^ D^{H x A, F). Hence 

the object a*X is isomorphic to <Pp{Q) for a unique object Q of F). Taking the restriction to {1} x X 

we see that Q = For(-F), and taking the image under the forgetful functor D\{H x A,F) — D^{H x A,F) 


we deduce (A.l). 

Now, let Z C iL be a closed subgroup, and assume that Z acts trivially on A. Again let A be an object 


of ZI^(A, F). Taking the restriction of (A.l) to {z} x A = A for all z € Z,we obtain a (functorial) action 


of Z on the object For(A). By standard arguments, this action factors through ZIZ°. If y : ZIZ° —>■ F^ is 
a character, we say that T has Z-character % if acts on For(A) via y. When Z is the center of H, we will 
rather say that A has central character y. 


Lemma A.l. Let XjX' ^6 distinct characters of Z/Z°, and let A, Q be objects o/ZI^(A,F). //A has 
Z-character y and Q has Z-character y', then Hom^b (xf)(-^>^) ~ 

Proof. By standard arguments, there exists a spectral sequence converging to Hom^b (jc with 

A2-term 

Hff(pt) ®F Hom^b(x,F)(ForA,ForC/). 

Therefore, it is enough to prove that Hom^b(jf ][r)(ForA, Fort/) = 0. However, the Z-actions on ForA and 
Fort/ induce an action on Hom^bj'^jf)(ForA, Fort/), for which Z acts via the character y'/x- On the other 
hand this action can be extended to H, as follows. For any h G H, restricting isomorphism ( |A.l|) to {h} x A 
we obtain an isomorphism (p^ : i))(ForA) ^ ForA, where : A ^ A is the action of h. We also have 
similar isomorphisms for Q. Then we can define the action of H on Hom^b(xF)(^o^-^jFort/) by declaring 
that h acts via the composition 


Hom^b(x_F)(ForA, Fort/) Hom^b(jc_][r)(4-iForA, 4_iFort/) 

4 >^ T o( —l)~^ 

^ Hom^b(;,,r)(For(A),For(t?)). 

Since H is connected this action is trivial, and we deduce that the Z-action considered above is also trivial. 
It follows that necessarily Hom^b(x F)(ForA, For^) = 0, which finishes the proof. □ 

Lemma A.2. Let x be a character of Z/Z°. 

(1) //A is an object of Perv//(A, F) with Z-character y, then any subquotient of J- has Z-character y. 

(2) Assume that the characteristic of¥ does not divide |Z/Z°|. LetT, Q he objects o/Perv//(A,F) with 
Z-character X, o,nd consider an exact sequence 

in Perv//(A, F). Then TL has Z-character x- 

Proof. (|^ is obvious. Let us consider (||). For z € Z, let us denote hy pz '■ 'hi ^ TL the action of z on 
TL. Since z acts on A and Q via y( 2 :), the morphism x{z)~^pz — id-H ■ TL ^ TL factors through a morphism 
ipz ■ g ^ LF. For any n > 1, using the factorization A" — 1 = (1 + A + -- -+ A"“^)(A — 1) we obtain that 
ip^n = npz- Since "pz' = 0 for all z' G Z° and the order of zZ° in Z/Z° is invertible in F, it follows that 
pz = 0, which proves that T-L has Z-character y. □ 
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Lemma A.3. Assume that Z is finite and central, that the characteristic o/F does not divide \Z\, and that 
F is a splitting field for Z. Then the forgetful functor Per\iH/z{X,^) —?> Perv//(A, F) identifies Per\iH/z{X,¥) 
with the full subcategory of Perv//(A, F) consisting of objects with trivial Z-character. 

Proof. Since the forgetful functors Pervjj/ 2 (A,F) —Perv(A,F) and Perv//(A,F) —Perv(A,F) are fully 
faithful, our functor Perv^/ 2 (A,F) —>■ Perv//(A,F) is also fully faithful. Clearly, all the objects in its 
essential image have trivial Z-character. Conversely, let T be an object of Perv//(A, F) with trivial Z- 
character. For simplicity, we denote similarly its image in Perv(X, F). Let a,p : H x A —A be the action 
and the projection respectively, and let a',p' : H/Z x X ^ X he the similar morphisms for H/Z. Let also 
^ : iJ X A —)• H/Z X A be the projection, so that a = a'o^ and p = p'o^. To show that T is iJ/Z-equivariant, 
we have to show that the objects (a')*A and {p')*X of D'°{H/Z x A, F) are isomorphic. Consider the space 


Our assumptions on F imply that we have a decomposition where y runs over the 

characters Z —>■ F^, and each is a rank-1 Ff-equivariant local system with Z-character y. We deduce an 
isomorphism 

X 

Now, since a' is an i7-equivariant morphism (where H acts on H/Z x A via its action on the first factor), 
(a')*A, considered as an object of D/j{H/Z x A, F), has trivial Z-character, and it is clear that {p')*X also 
has trivial Z-character. We deduce that 


HomBb(ff/ 2 ^x.F) {v'Y^F ® Cx) = h if y ^ 1 


(see the proof of Lemma A.l), and then that 

Hom£,b(^xx.F)(«*-^,p*A) = Hom£,b(j^/2xx,F)((aO*-^ Yp')*^ ® Cf) = Hom£,b(j^/2xx,F) Yp')*^)- 


Since J- is iJ-equivariant, there exists an isomorphism a*T —\ p*T. The image of this morphism under 
the isomorphism constructed above provides a morphism {a')*X —> (p')*A, which is easily shown to be an 
isomorphism. Thus, J- is i//Z-equivariant. □ 


Finally, we consider the setting of the body of the paper, namely the case of the G-action on the nilpotent 
cone JZg^ with Z = Z{G), and with coefficient field k satisfying Q- In particular, since Z(G)/Z(G)° is 
isomorphic to Ag{x) if a; is a regular nilpotent element, this implies that all the irreducible k-representations 
of Z(G)/Z(G)° are characters. For any y € Irr(k[Z(G)/Z(G)°]), we denote by PervG(./fG,k)^ the full 
subcategory of PervG(.ZG, k) whose objects have central character y. We also denote by Dq{^g, k)x the full 
subcategory of D^{.zVG,h) whose obje cts a re the complexes JF such that ^"(A) belongs to PervG(.Z^, k)^ 
for any n G Z. It follows from Lemma A.2 that PerV( 5 (.ylG, k)^ is a Serre subcategory of Pervai^o,^), and 


that DQ{,AG,k)x is a triangulated subcategory of DQ^JPo^'k). 

If A is a simple object in Per\/G{Af^,k), then End(A) = k under our assumption ( ^t|), so th at J- has a 
central character. This central character can be described more explicitly as follows (see [ AHJR3 , §5.1]). Let 
G fflc.ik, and let x ^ G. Then £ corresponds to an absolutely irreducible representation V of Ag(x). 
Consider the composition Z(G) —>■ G^ —>■ Ag(x). This morphism is trivial on Z(G)°, and its image is central 
in Ag{x). Hence, by Schur’s lemma, Z(G) acts on V via a character y of Z(G)/Z(G)°. Then IC{G,£) has 
central character y. 

Lemma A.4. Suppose that l \ |Z(G)/Z(G)°|. Then we have 
PervG(^,k) = 0 PervG(=Zc?, k);,^ and DQ{^G,k) = 0 D^ai^G,k)x- 

xeIrr(k[Z(G)/Z(G)°]) xeIrr(k[Z(G)/Z(G)°]) 


Proof. Let us first consider the category PervG(^Z^,k). Lemma A.l implies that any morphism and any 
extension between objects with distinct central characters is trivial. Since any simple object has a central 
character, we deduce the decomposition as stated. 
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To prove the decomposition for the category since this category is generated by PervG(.d^,k) 

(as a triangulated subcategory), it suffices to prove that if for ^ in Q in D^{jVc,'^)x' 

we have Hom(J^, C/) = 0. This follows again from Lemma s using an induction on the number of nonzero 
perverse cohomology objects of T and Q. □ 
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